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S T R U C T U R E  O F  C O M P L E T E L Y  D I S P E R S E D  S H O C K  W A V E S  

I N  R E L A X I N G  M I X T U R E S  

A.  L .  Ni a n d  O.  S .  R y z h o v  UDC 541.124- 532.5 

Shock waves  in chemica l ly  ac t ive  gas mix tu res  with an a r b i t r a r y  number  of r eac t ions  a r e  discussed.  It  
is a s sumed  that  the difference between the f rozen  and equi l ib r ium soundveloc i t ies  calculated f rom the unpe r -  
turbed s ta te  of  the m a t e r i a l  is a sma l l  quanti ty r e l a t ive  to one of these veloci t ies .  The flow r a t e  at  infinity is 
a s s u m e d  to lie within the range  between the f rozen  and equi l ibr ium sound ve loc i t ies ;  the shock wave does not 
then contain discontinui t ies ,  Le . ,  i t  p o s s e s s e s  comple te  d i spers ion .  Different  cases  which may  be encountered 
upon inc reas ing  the ve loc i ty  of the advancing flow a r e  succes s ive ly  invest igated.  The method of spl icing 
ex t e r i o r  and in te r ior  asympto t ic  expansions is used to cons t ruc t  a solution. 

1. Formula t ion  of the P rob lem.  Let  us apply to the invest igat ion of the s t ruc tu re  of weak shock waves 
in mul t icomponent  re lax ing  media  the s y s t e m  of equations which desc r ibes  one-d imens iona l  s teady f low in the 
t ransonic  veloci ty  range  

2 ( e m i r ' - -  2 ,at," o2"dq'~ = p| . ~~176 ~ ~ , t , ~ ,  (1.1) 

d x '  

Both the length along the coordinate  x * and the ve loc i ty  v '  of the pe r tu rbed  motion of pa r t i c les  together  
V-- ~ t with the components  of the vec to r s  q~'= (q~l . . . . .  q~'N) and w2-(0)21, . . . ,  W2N) of the comple teness  and affinity of 

the chemica l  r eac t ions  a r e  taken he re  in a spec ia l  d imens ion less  s y s t e m  of units.  The dens ity, p r e s s u r e ,  and 
d imens ion less  t he rmodynamic  coeff icient ,  which is p ropor t iona l  to the cu rva tu re  of the Poisson  adiabat  for a 
mixixtre with cons tant  composi t ion,  a r e  denoted by the le t t e r s  p, p, and m,  r e spec t ive ly .  The subsc r ip t  ~ r e f e r s  
to the s ta te  of  the m a t e r i a l  in the advancing un i fo rm flow. The smal l  p a r a m e t e r  ~ is p ropor t iona l  to the amp l i -  
tude of the pe r tu rba t ions ,  and the appea rance  of the o the r  sma l l  p a r a m e t e r  e 2 is dictated by the conditions for 
providing c loseness  of  the f rozen  a f~  and the equi l ib r ium aeoo sound veloci t ies  in the unper turbed s ta te .  I t  is 
a s s u m e d  in the der iva t ion  of  Eqs.  (1.1) that  the ve loc i ty  voo of the advancing flow deviates  sl ightly f r o m  both 
the f rozen  and equi l ib r ium sound ve loc i t i e s ;  the number  Tf is used to speci fy  this deviation,  to wit, 

(1.2) 

Any two pos i t ive-def in i te  and s y m m e t r i c a l  m a t r i c e s  can appear  in the or ig ina l  Eu le r  equations as  the 
kinet ic  m a t r i x  and the s tabi l i ty  m a t r i x  of  the sys t em.  L inea r  t r an s fo rma t ions  of the comple teness  and affinity 
v e c t o r s  of the chemica l  r eac t ions  p e r m i t  reducing  these  m a t r i c e s  to the unit E and diagonal D m a t r i c e s ,  

r e s p e c t i v e l y .  This t r a n s f o r m a t i o n  is a s s u m e d  to be c a r r i e d  out in the s y s t e m  of Eqs.  (1.1). The components  
of  the constant  d imens ion less  vec t o r  e~ = (e~'l, . . . ,  e~N), which a r e  p ropor t iona l  to the adiabat ic  der iva t ives  of 
the specif ic  in te rna l  e n e r g y  of the s y s t e m  with r e s p e c t  to the speci f ic  volume and one of the components  of  the 
comple teness  vec to r  of  the r eac t ions ,  a r e  a l so  a s s u m e d  to be subjec t  to the indicated l inear  t r ans fo rma t ions .  

Since the advancing flow is un i fo rm and is in a s ta te  of  comple te  the rmodynamic  equ i l ib r ium,  

, dt," " dq2-+O as x'  (1.3) v'--,-O,, q 2 - + u  t ~ ' ~ - - - ~ u ,  ~ ' ~  . ~ - -  ~ .  

The gas mix tu re  r e a c h e s  a new equi l ib r ium s ta te  as  a r e s u l t  of c o m p r e s s i o n  within the shock wave;  the re fo re ,  

�9 d t , '  ' (1.4) 
v" ---~ vo, ~-~E .-+ O, ~,2---~- 0 as ~' ..+ + o o .  

The boundary conditions (1.3) and (1.4) de t e rmine  the solution with an accu racy  to an insignif icant  shif t  in x ' .  
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As will be evident in what follows, somet imes  it is more  convenient to operate  with an equation of the 
(N+ 1)-th order  for the perturbed veloci ty 

+ o 
h~0 

instead of (1.1) [1]. Here the symbol Ol denotes the sum of all  possible products which a re  composed of the 
positive eigenvalues Xl, ..., XN, which a re  equal, respect ively ,  to the diagonal elements dll, ..., dNN of the 
re laxat ion matr ix  R = ED = D and which a r e  taken I at  a t ime in each product. The pa ramete r s  y(k) charac te r i ze  
the deviations of each of the so-cal led  intermediate  sound veloci t ies  ~k~o f rom the velocity of the advancing 
flow, namely,  

v~ - ~k~ = ~;~(h)v~. (1.6) 

The intermediate  sound velocit ies themselves are  expressed by the formulas  

N (1.7) 
t 8aV~ ~ ( - - t )  ..... h~'~ ~e'Dm-l~--le ' ~ I ~  = a l ~  Jr- -f f  = " -  z z 

r e = k - h i  ff N - - R  

and are  subject  to the inequalities [2-4] 
a ~  = C~o,~ ~ al,~o ~ . . . .  ~ c~;v-~,~ ~ a ~ , ~  ---- a ] ~ .  ( 1 . 8 )  

In the limiting cases  k=0  and k = N  we obtain @0) =Te and 7(N) =Tf. Thus Eq. (1.6) changes into (1.2)~ when the 
intermediate  sound velocity coincides with the propagation velocity of the perturbat ions in a mixture with a 
constant  chemical  composition. 

Let  us integrate the f i r s t  of Eqs. (1.1). Having determined the a r b i t r a r y  constant  f rom the boundary con- 
ditions as x ~ ~ - ~ ,  we have 

,~ , , g a y  f ~m| v' ' ~ V ~ 2 (1.9) 
• ) - = 

Having made use of the boundary conditions as x ' - -+~o and the relat ion 

N ,~ (1.10) 

i = i  

between the frozen and equil ibrium sound veloci t ies ,  which follows f rom (1.7) when k = 0, we find 

gmaQ 

The latter equation offers  the possibi l i ty of specifying the coefficients Te or  Tf instead of the constant v d. 

For  the sake of brevity,  in the following we will omit  in the symbols of both the constants and the var iable  
quantities the p r imes  and the subscr ip t  2, which indicates the resu l t  of a linear t ransformat ion  of the complete-  
ness and affinity vec tors  of the chemical  react ions .  

2. General  Proper t i es  of the Solution. The problem of the internal  s t ruc ture  of shock waves is among 
the c lass ica l  ones. A comprehensive  review of the theoret ical  and experimental  investigations ca r r i ed  out up 
to 1965 which are  devoted to this problem is contained in [5, 6]. The principal  conclusion of the ear ly  papers  
reduces  to the fact that there exists a sequence of relaxation zones situated next to one another if the ra tes  of 
the chemical  react ions  differ appreciably  f rom each other.  These zones have various widths deterrained by 
one or severa l  re laxat ion p rocesses .  One of the f i r s t  at tempts to give a quantitative analysis of the phenomenon 
was evidently undertaken in [7] ; numerical  calculations confirmed the conclusion drawn on the basis of simple 
physical  considerat ions that shock waves have a "banded n s t ructure .  The problem of t ransient  perturbat ions 
excited in a gas mixture by the motion of a flat piston has been recent ly  solved [8]. The data obtained show how 
the s t ra t i f icat ion in t ime of relaxation zones with different widths occurs .  

The solutions of the nonlinear sys tem of equations (1.1) possess  all the qualitative charac te r i s t i c s  which 
the solutions constructed in [7] with the help of numerica l  methods do. These equations pe rmi t  a sys temat ic  
analysis  based on the method of splicing exter ior  and inter ior  asymptot ic  expansions. Moreover ,  the a s sump-  
tion of the c loseness  of  the f rozen  and equil ibrium sound velocit ies permits  investigating all  the regular i t ies  
inherent  to the "banded" s t ruc ture  of a shock wave. We note that the assumption indicated does not lead to 
grea t  r e s t r i c t ions ,  since the relat ive difference between the frozen and equiIibrium sound velocit ies lies within 
the 10% range for many actual chemical ly  act ive gas mixtures.  
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In order  to exclude the formation of discontinuities in the shock wave, modes with afro >%0 >ae~ will be 
investigated below. Setting k = 0 and k = N in Eq. (1.6), we have 

7~ < 0 < 7~. (2.1) 

When Tf >0, the advancing flow is subjected at first to an abrupt compression, and then its parameters vary 
continuous ly. 

It is simplest to find the asymptotic form of the solution of the system of equations (1.1) as x---~o if 
one neglects the quadratic term in the integral (1.9). Finally, 

P= 
2~tv = ~ e.q. 

F r o m  this follows the equation 

w. 1 dq --: D -~ " P~ ~---- ~,---~. B :q (2.2) 
roe  =[1 

for the completeness  vector  of the chemical  reac t ions ,  where B is a symmet r i c  mat r ix  with elements bik = 

eiek. 

We will investigate what the eigenvalues of the symmet r i c  matr ix  

I P~  B,: (2.3) S = D - l -  [2 2 , 

are ,  whose elements  a re  Sik. To this end we consider  the quadratic fo rm 

N N 2 ft / ~  / N J \2  

We introduce the l inear t ransformat ion  

= C~], 

which is specified by the relat ions 

(2.4) 

N 
~h = ~ ,  i = 1, ..._, N - -  t ;  ~IN = ~ ]  e i [ i .  

In the new var iables  the quadratic fo rm (2.4) takes the fo rm 

N 

"~,h=l 

and the mat r ices  S and W = ~Wik[] a re  re la ted by the equation 

l p~ C'BE. (2.5) W : C*SC = C'DE q- ~ - - - -y -  
PooVooYf 

Here the mat r ix  which is the t ranspose  to C is denoted, as usual, by the symbol C*. 

The matr ix  D0) =C*DC possesses  a r a the r  complex s t ruc tu re ;  however,  it is possible to a s s e r t  that it is 
symmet r i c  and posit ive-definite by vir tue of the law of inert ia of quadratic forms.  Concerning the matr ix  
B(0 =C*BC, it has the single nonzero e lement  b!l). = 1, as d i rec t  calculat ion shows. It follows f rom this that 
the mat r ix  W is symmet r i c ,  and N -  1 of its prin~palZ~Z minors  

t wl l  WI2 I ts " " " ~V~--I'I 

t A~ = w11~ A2 . . . .  , AN', 

] W'~I W,~ 2 [ W l ,  N - - I "  �9 . W N - - 1 , N - - 1  

coincide with the analogous minors  of the matr ix  D (l). Since the lat ter  is posit ive-definite,  we conclude on the 
basis of the Sylvester  c r i t e r ion  [9] that A l, AZ, ..., ~N-1 a re  positive. 

It remains  to investigate the sign of the N-th principal  minor AN, which is s imply det W. By vir tue of 
the proper t ies  of  the determinants  of the product  of ma t r i ces ,  we have 

det W : det C*.det S.det E = (det C)2.det S, 

i .e. ,  the signs of det W and det S a re  identical. As a r e su l t  of s imple calculations we find 
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N ~ ~(J) (2.6) 
d e t S = I I ~ i +  2 vz . z.~ 11 

i = l  Pzr oo'~f j -~ l  ~ : 1 

w h e r e  the s u p e r s c r i p t  (j) next  to the p r o d u c t  H(J)k~ indica tes  tha t  ).j is excluded f r o m  the comple te  s e t  of  its 
i = t  

c o f a c t o r s  X i. Subsequent  t r a n s f o r m a t i o n  of (2.6) leads  to 

t P ~  e~ . 
d e t S =  i=lI~ ;'i i -F 2 p~-'~'~,~ j~ff_~.= 

It  is ev ident  f r o m  Eq. (1.10) tha t  the e x p r e s s i o n  in s q u a r e  b r a c k e t s  on the r i g h t - h a n d  s ide  o f  the las t  equat ion is 
wr i t t en  as  1+ (Ye - Yf)/Yf. Since al l  the e igenva lues  k i (i = 1, . . . ,  N) a r e  pos i t ive ,  the condi t ion det  S <0 fol lows 
f r o m  the inequal i t ies  (2.1). Thus the N-th p r inc ipa l  minor  A N of the ma t r i x  W, which was  in t roduced  by Eq.  
(2.5), has a negat ive  sign.  

Now let  us apply  the Jacob i  method for  the r educ t ion  of a quadra t i c  f o r m  $(~i, r/k) to a s u m  of s q u a r e s  [9]. 
This method  p e r m i t s  wr i t ing  the coef f ic ien t  of  the j - th  t e r m  in the f o r m  of the r a t io  Aj_I /A j. Thence  it is c l e a r  
tha t  N -  1 e igenva lues  of  the s y m m e t r i c  m a t r i x  W a r e  pos i t ive ,  and one e igenvalue  is negat ive .  By v i r tue  of 
the law of  ine r t i a  of  quadra t i c  f o r m s  one can  c o n f i r m  that  the e igenva lues  of  the o r i g i n a l  m a t r i x  S defined by 
Eq. (2.3) p o s s e s s  the analogous  p r o p e r t y .  Le t  us denote the e igenva lues  of  this m a t r i x  by 1 i and se t  l i ,  . . . ,  

/j_l > 0 , / j < 0 , / j + l ,  -.., and I N > 0 .  

Le t  us r e t u r n  to Eq. (2.2). The subs t i tu t ion  into it  of  the e x p r e s s i o n  
q = q0  e ~  ( 2 . 7 )  

for  the c o m p l e t e n e s s  v e c t o r  of the c h e m i c a l  r e a c t i o n s  g ives  

(S ~- ~E)q0 = 0. (2.8) 

Since the condi t ion q - - 0  as  x - - - ~  o c c u r s ,  the in t eg ra l s  of  Eq.  (2.2) with p = - l i ( i  = 1, . . . ,  j - 1, j+  1, . . . .  , N) 
should be d i s ca rded .  F r o m  this we conclude  tha t  the coef f ic ien t  in the exponent  in Eq. (2.7) Cakes the s ingle  
value  g = - l j .  The homogeneous  equat ion  (2.8) d e t e r m i n e s  the vec to r  q0 with an a c c u r a c y  of an a r b i l ~ a r y  fac to r .  
B e a r i n g  in mind the r e l a t i o n  be tween the p e r t u r b e d  ve loc i ty  of  the p a r t i c l e s  and the comple t enes s  v e c t o r  o f  
the c h e m i c a l  r e a c t i o n s ,  le t  us r e p r e s e n t  the a s y m p t o t e  of  the solut ion as  x - - - ~  in the f o r m  

e~c e~ x v = c e  ~ ,  qi-= v--w- , ~ = - - I  1 ( i =  i, . , . , N ) .  (2.9) 

We will  now p r o v e  tha t  the t h e r m o d y n a m i c  p a r a m e t e r s  qi i n c r e a s e  monoton ica l ly ,  and the ve loc i ty  of  the 
gas fal ls  off  mono ton icaUy  along the coord ina te .  Le t  us in t roduce  for  the s ta ted purpose  the 
aux i l i a ry  quant i t ies  qX = 2,iqi/ei" T rea t i ng  v as  a known function,  we have 

x 
q'~ = - -  ~.i !" v(~)e;~it~-~:)d~ (i----- 1 , ; . . . ,N) .  (2.10) 

X One can v e r i f y  tha t  the in teg ra l  f o r m s  for  qi a g r e e  with the a s y m p t o t i c  Eqs .  (2.9) as  x - ~ - ~ .  By v i r tue  of  the 
f i r s t  o f  the indicated equat ions  the re  ex i s t s  a r a n g e  - ~  < x < x 0 in which the de r iva t ive  dv/dx < 0 if the a r b i t r a r y  
cons t an t  c < 0. Solutions with c > 0 m u s t  be excluded f r o m  cons ide ra t i on ,  s ince  they do not sa t i s fy  the bounda ry  
condi t ions  (1.4) as  x ~ o o .  A monotonic  na tu re  of  the va r i a t ion  of  v wil l  be e s t ab l i shed  if it tu rns  out  that  
dv(x0)/dx < 0. 

Le t  us a s s u m e  the oppos i te  and se t  dv(x0)/dx = 0. Then in a c c o r d a n c e  with the f i r s t  equat ion of  the s y s t e m  
(1.1) we have 

el ~ O (2.1i) 
i = l  ~ l  dx 

a t  the point  x 0. The combina t ion  of the r e m a i n i n g  equat ions  of  this s y s t e m  with Eqs.  (2.10) gives  

t ~x" (2.12) dq~ (xo) 
= - -  )~ .~ [v (x0) - -  v (~)] e~i(~-X~ (i = 1 , . . . , .  N). 

d x  

The function v(x) r e a c h e s  its m i n i m u m  value v(x0) on the edge of  the i n t e r v a l - - ~  <x <- x 0. F r o m  this it follows 
tha t  the in tegrand  in (2.12) is negat ive ,  and the de r iva t i ve s  
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dq~(~~ 0 . ,  ,/b ~ >  (i----i,.. N). 

Summing the l a s t  inequali t ies mult ipl ied in advance by e.2/Xi, we a r r i v e  a t  a contradict ion to Eq. 12.11). This 
contradic t ion p rov es  that  the gas ve loc i ty  falls  o f fmonotonica l ly  along the coordinate  x. Appeal to Eqs. (2.12) 
leads ~ the conclusion of a monotonic i nc r ea se  of the components  of  the comple teness  vec tor  of the chemica l  
r eac t ions .  

3. Roots of  the C ha rac t e r i s t i c  Equation. 2he eigenvalues  of  the ma t r i x  S a r e  de te rmined  as the roo ts  of 
the c h a r a c t e r i s t i c  equation which follows f r o m  (2.8) taken with opposi te  sign. It is obtained in mos t  compac t  
f o r m  if  one subst i tu tes  the f i r s t  of Eqs.  (2.9) into Eq. (1.5) for  the pe r tu rbed  veloci ty  and d i sca rds  the lowest  
t e r m s  in the equat ion thus found. As a r e su l t ,  

N 
~. ~N-~?(~)~ ~'= P~ = O. (3.1) 
h=0 

As has been  proven above,  Eq. (3.1) has N r e a l  roo t s  p l = - / l ,  . . . ,  p N = - / N ;  only one of them is posi t ive ,  
and the r e s t  a r e  negat ive.  Let  us a r r a n g e  these  roo t s  in the following o r d e r :  

[~il >/I [~+1 I(i ---- t , . . . , :  N - -  1). (3.2) 

According to a fundamental  t h e o r e m  of a lgebra ,  

i-]~l N 13.3) 

h=0 

where the roots #I, --., /~N serve as the arguments of the sums ON_k(/~ ). A comparison of Eqs. (3.1) and (3.3) 
with N--k=j gives 

(- i)~j (~) ~(~-J~ ___ ~j. (3,4) 
7f 

Let  us e s t ab l i sh  an asympto t ic  dis t r ibut ion of the roo t s  of  the cha r ac t e r i s t i c  equation on the assumpt ion  

h >> ~>> �9 �9 �9 >> ;v,~_l >> ~N- (3.5) 

Conditions of this kind very often characterize real chemical mixtures, where the reaction rates may differ by 
several orders of magnitude. In addition, we will assume in what follows that each of the ratios e~/)% i (i = 1, 
..., N) is comparable to unity in order of magnitude. 

The inequalities (3.5) permit simplifying considerably the expression for the intermediate sound veloci- 
ties. Using the results expounded in [10], one can show that Eq. (1.7) reduces to 

.~-k e~ (3.6) 

When k = 0, the exac t  re la t ion  (1.10) between the f rozen and equi l ibr ium sound ve loc i t ies  follows. 
Eq. 11.6), we have 

N - - k  
t P= ~ e~ 

Returning to 

(3.7) 

Let  us cons ider  the var ious  cases  which may  be encountered in connection with the solution of the c h a r a c -  
t e r i s t i c  equation. F i r s t ,  le t  al l  the numbers  71k)~l  (k=0,  . . . ,  N). T h e n a r o o t s h o u l d e x i s t w h i c h i s m u c h l a r g e r  
than o r  of the o r d e r  ~1 in absolute magni tude .  According to the number ing  es tabl ished by the inequali t ies 
(3.2), this is ~l- Bear ing  in mind the conditions (3.5), we p r e s e r v e  only the main  t e r m s  in Eq. (3.1). As a 
r e s u l t ,  we find the app rox ima te  value 

v(N-i) ~1. (3.8) 
~h  = 7 ]  

The next roo t s  #2, .--, /~N a r e  de te rmined  by the equation 

N N--i 

PN--I =I f  (~-- ~i) = ~/ (-- I) N-'-%(~)-'-h (~) ~k = 0, 
i=2 h=0 

where  the s u p e r s c r i p t  (1) next to the sum a (1) (]z) indicates  that Pl is excluded f r o m  the comple te  se t  of its con-  
s t i tuent  number s  Pi. We wri te  down the identi ty 
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It is poss ib le  to show that  the e s t i m a t e  lpt]>> J #2] is va l id  for  the r o o t / 2  2. 
we obta in  a p p r o x i m a t e l y  

N--~--~ (~) = (--  ~,(~-~) x, ' 

(3.9) 

Making use  o f  Eqs.  (3.4) and (3.8), 

and then 

1 ~ (~N_t~y(k)F~" 
P/v--I = ~.~/(iv-l) h=o 

The r e s u l t  of  the app l ica t ion  of  the ident i ty  (3.9) to the s u m  (TN_ k r e a d s  aN-k-- )~le~-t-k if one neg lec t s  
t e r m s  which a r e  not dependent  o n / ' t .  Finally~ 

~v--~ (3.!0) 

h ~ 0  

A c o m p a r i s o n  of  Eqs .  (3.1) and (3.10) shows that  the po lynomia l s  PN and PN--t a r e  s i m i l a r  in their  s t r u c t u r e .  
F r o m  this  it i m m e d i a t e l y  fol lows that  an equat ion of the type (3.8) is val id for the r o o t  P2. 

Cont inuing the  p r o c e d u r e  d e s c r i b e d ,  one can  ca lcu la t e  the r o o t s  #3, . . . ,  PN. A s y m p t o t i c  e x p r e s s i o n s  for 
t h e m  a r e  ev iden t :  

I/N-~) (3.11) F i = ~ ) X l  ( i = l  . . . .  ,N) .  

All these  r o o t s  a r e  negat ive  with the excep t ion  o f  one. By v i r tue  of the inequal i t ies  (1.8) and (2.1) and Eqs.  
(3.6) and (3.7), the a s y m p t o t i c  r e p r e s e n t a t i o n  of  the s ingle  pos i t ive  r o o t  pj is d i s t inguished  by the condi t ions  

~N-.~) ?(~-)+~) < ?(N--j~ (3.12) 
F~ -- 1/~v__i+ b ~j, 0 <~ . 

When i = 1, Eq. (3.11) changes  into (3.8). 

Let  us cons ide r  the c a s e  in which IT (N-t) t <<1, and the r e m a i n i n g  cons tan t s  7 (k) a r e ,  in a g r e e m e n t  with 
Eq. (3.7), c o m p a r a b l e  in o r d e r  of  magni tude  with uni ty,  Tf<0,  and T {N-i) >0 0 = 2 ,  . . . ,  N). Le t  us set  the index 
j = 2 in Eq. (3.4), a f t e r  which we p r e s e r v e  only  the main  t e r m s  

YI 

in it. If a l l  the roo t s  Pi(i = 1, . . . ,  N) would be of  the s a m e  o r d e r  of magni tude  as X 2 o r  even s m a l l e r  in abso lu te  
magni tude  than this num be r ,  the l a s t  equat ion would not be sa t i s f ied .  Among  the r o o t s  of  the c h a r a c t e r i s t i c  
equa t ion  the re  n e c e s s a r i l y  ex i s t  those whose abso lu te  magni tude  exceeds  )'2. For  their  de t e rmina t ion  we 
e x t r a c t  f r o m  (3.1) the a p p r o x i m a t e  equat ion 

7s, t~ + )bY (N-l) F +/h~27 (N-2) = 0. 

Adher ing  to the n u m b e r i n g  e s t ab l i shed  by the r e q u i r e m e n t s  (3.2), we have 

i ~(~-') V i 2 [ I~ 'N-i) I' 1~(N--2) (3.13) 

with the ra t io  y(N-2)/yf <0. 

In o r d e r  to find the next  roo t s  P3J .-.,  #N, it is n e c e s s a r y  to solve  the equat ion 

N ' N - - 2  
A- N - - 2 - - / ~  (1,2)  PN-_~ = I I  (F - F~) = ~ ( -  ~) '~N--2--~ (F) ~.h = O. 

i 3 ~:==0 

Let  us use  the ident i ty  
I ") ( , . )  

aj ([L) = ,~IF~ai_~ (F) + (F~ + V2) a!1'~ ) (F) + a~ I'2) (~)- (3.14) 

Since [pl,2[>> the r e s u l t  of  the appl ica t ion  of  Eqs.  (3.4) and (3.13) is wr i t t en  a p p r o x i m a t e l y  in the f o r m  

<1,2) ~.,~ i)N--h 7 (~) aN--~ 
(~N--2--1{ t P ]  = ( - -  ,~ (N--2)  ~.t,~2 " 

2he po lynomia l  PN-2 is conve r t ed  to the f o r m  
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N - - 2  

~ t N - - 2 )  ~=0 

1~2 ) Returning to the identity (3.14) for the sum aN_k, we find that its asymptot ic  form is aN_ k -  A~2~_2 -k if one 
keeps only the main t e rm in it. Finally, 

~-z (3.15) i P~-~ = ~  ~ ~r~-~-~(~)~ ~ 
h = 0  

It is evident f rom a compar ison  of  Eq. (3.15) with (3.1) and (3.10) that the polynomial PN-2 is s imi lar  in its 
s t ruc tu re  to the polynomials PN and PN-1- As is c lear  f rom this, the desired roots  pa, ..., PN are  specified by 
Eq. (3.11) with i=3 ,  .... N, and all  of them are  negative. ~ e  value o f  the single positive root  is established by 
Eq. (3.13) with the upper sign in front  of the rad ica l  on its r ight-hand side. 

:Finally, let the condition IT(N-J)]<<1 ex i s t  with j = 1 . . . .  , N-- 1. In accordance  with the inequalities (1.8) 
and (2.1) and Eqs. (3.6) and (3.7), the remaining constants T (N-i) <0 for i=0  . . . .  , j - 1, whereas T(N-i) >0 for 
i= j  + 1, ..., N. In this case the f i rs t  j - 1. negative roots  of the cha rac te r i s t i c  equation a re  evidently found f rom 
Eq. (3.11), in which i = l ,  ..., j - 1. The next two roots  are  

(3.16) 1 

The positive one of them is obtained by select ing the upper sign in front of the radica l  on the r ight-hand side of 
(3.16). The remain ing  N -  j - 1 negative roots  of  the charac te r i s t i c  equation a re  determined by Eqs. (3.11), in 

which i= j  +2 . . . .  , N. 

4. Quasiequil ibrium Mode. Let us a ssume that the velocity of the advancing flow remains  less even than 
Then T(N-i) <0 when i = 0, the f i r s t  intermediate  veloci ty cq~o, although it exceeds the equi l ibr ium velocity aeoo. 

..., N -  1, and only Te>0.  We introduce a new~ca le  of length by means of 

x = XlV/Z,N. 

The f i r s t  equation of the original  sys tem (1.1) takes the fo rm 
N 

= -- 8a ~ el ~(~'iqi q- eiv), 

(~.1) 

(4.2) 

whereas  the remain ing  equations for the components of the completeness  vector  of the chemical  react ions are  

of  the fo rm 

d~a~ q~ + -~i v (i = 1, ...~ N -- t),: (4.3) 

- -  eN U~ dqh, (qN + 

dx N ) I 

Lot us el iminate the thermodynamic var iable  ql f rom the sys tem of equations (4.2) and (4.3). Finally, 

we obtain 

).lJ j dx~ . 

Here in accordance  with the conditions (3.5) we proceed to the l imit  as Xi/X1--* 0 (i = 2, ..., N). Taking account  
of the fact  that the-ratio e~/k i ~ 1 for any i = 1, . . . ,  N, and making use of Eq. (3.7) with k = N -  1, we have 

N (4.4) 
i 2 (e,nr -}- s2?(N-l)) dzNdv = _ 8~i:z ~ el (~'~q' + eW)" 

The above equation agrees  with the original  Eq. (4.2) if one rep laces  in the lat ter  the constant  3/f by T (N-I), and, 
in addition, sums over  the index i not f rom 1 to N but f rom 2 to N. We eliminate the second thermodynamic 
constant  q2 f rom the sys tem in question. As a resu l t ,  an equation of the type (4.4) is obtained in which T(N-2) 
rep laces  the p a r a m e t e r  T (N-0 and the index i runs  through the values 3, ..., N. 

We continue the indicated procedure ,  accompanying the elimination of the next thermodynamic variable 
qi each t ime by the limiting t ransi t ion of Xi/~ -~ 0 (i =j + 1, ..., N). After the (N-- 1)-th repeti t ion of this p ro -  

cedure  a compara t ive ly  simple sys tem of equations a r i s e s ,  
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2 (~.,=, + d~ ( ')  d, = ~ e N  dq~v (4.5) 
dx N ' 

, / 

which conta ins  only the two des i r ed  funct ions v and qN" If the solut ion of  (4.5) is known, the t h e r m o d y n a m i c  
v a r i a b l e s  ql,  .-., qN-1 a r e  d e t e r m i n e d  f r o m  the final r e l a t i o n s h i p s  

e i q~ -- X~ v (i = t , , . . ,  N ~ t). (4.6) 

Their  mean ing  is exceed ing ly  s i m p l e :  T h e y  a r e  the condi t ions  for  the equ i l i b r ium o c c u r r e n c e  of the f i r s t  N--  1 
r e a c t i o n s .  The p r o c e s s  of  gas  c o m p r e s s i o n  is conc luded  a f t e r  the N-th r e a c t i o n  a r r i v e s  a t  a new equ i l i b r ium 
sta te .  

We will  f o r m u l a t e  the ini t ia l  condi t ions  which should be sa t i s f ied  when the s y s t e m  (4.5) is in tegra ted .  We 
obta in  

= ~ - S - e ~ N ~  ( i  = 1 . . . .  , N - -  t ) , :  ( 4 . 7 )  l) == C e ~tNx, q i  ks 

_ .  eNc 7(0  e t tNx  7 (o) 
qN ~.~,. 7(0) _ 7t 0 U~r -- 7( 0 ~./v 

f r o m  the a s y m p t o t i c  r e p r e s e n t a t i o n s  (2.9) with XN/k i ~ 0  (i = 1, . . . ,  N -  1) as  XN~-O~.  These  equat ions  show 
tha t  the a sympto t i c  va lues  of  the funct ions v and qi(i = 1, . . . ,  N -  1) correspon.d  to the f inal  r e l a t i onsMps  (4.6). 

The s y s t e m  (4.5) is equ iva len t  to the s ingle  s e c o n d - o r d e r  equat ion  

e~7~) ~ O. (4.8) 

It is a l so  poss ib le  to obtain  the l a t t e r  equat ion  f r o m  Eq. (1.5) by subs t i tu t ing  the v a r i a b l e  (4.1) into i t  and p e r -  
f o r m i n g  the l imi t ing  t r ans i t i on  of  Xi+l/X i ~ 0  (i = 1, . . . ,  N -  1). Tile in t eg ra l  of  (4.8) sa t i s fy ing  the a s y m p t o t i c  
ini t ia l  data  (4.7) is of  the f o r m  

,(') ( ,O)~lnle:?(0 ) , t s r n ~ v .  (4.9) 

It p e r m i t s  a s ign i f ican t  s impl i f i ca t ion  when 1~ '(~ [ <<1. In this c a s e  we in t roduce  a new funct ion being: sought:  

~ .(0) + 
U ~ 8 - - - ~ -  Y Y* 

and denote  the cons tan t  quant i t ies  by 

Then 

8~ 7(0) ' 
80500 J 

~ . ( ,  [§ 1 [§ ] 
- -v-exp [ cNj. 

(~ 
u = --  a th 7- (XN - -  dN). 

This is the we l l -known Taylor  solut ion,  which d e s c r i b e s  the s t r u c t u r e  of a shock wave in a v i scous  h e a t - c o n -  
duct ing gas [11]. As the ampl i tude  tends to ze ro ,  the quas i equ i l i b r ium p r o c e s s  of  c o m p r e s s i o n  of  the r e l a x i n g  
mix tu r e  in which a s ingle  r e a c t i o n  o c c u r s  c o n f o r m s  to this solut ion [5, 6, 12]. As the d i s cus s ions  p r e s e n t e d  
above  show, the Taylor  solut ion a l so  spec i f i e s  the s t r u c t u r e  of  a weak shock wave in a c h e m i c a l l y  ac t ive  m i x -  
t u re  with an a r b i t r a r y  n u m b e r  o f  r e a c t i o n s  on the condi t ion tha t  the ve loc i ty  v~  of  the advancing  flow exceeds  
on ly  s l ight ly  the equ i l i b r ium sound ve loc i ty  ae:o. As the flow ve loc i ty  a t  infinity i n c r e a s e s  in the r ange  ae~o < 
vr < al~o, the c o m p r e s s i o n  of  the mix tu re  ins ide  the s ingle  r e l axa t ion  zone is de t e rmined  by Eq. (4.9). 

5. Genera l  Case .  The subsequent  i n c r e a s e  in the ve loc i ty  of  the advancing  flow leads  to the n e c e s s i t y  of  
c o n s i d e r i n g  the s i tua t ion  in which this ve loc i ty  falls within the in te rva l  a e ~  < v ~  <afcr For  example ,  let 
a N �9 ~ < v ~  < a N "+l,~; then 7(N-J +I) < 0 < 7 (N-j) We will  a s s u m e  that  both p a r a m e t e r s  T(N-J) and T{N-J +I) a r e  - j ,  - j  
c o m p a r a b l e  to uni ty  in o r d e r  of  magni tude.  

Taking Eq. (3.12) for  the s ingle pos i t ive  r o o t  of  the c h a r a c t e r i s t i c  equat ion into account ,  we in t roduce  the 
v a r i a b l e  
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The f i r s t  equat ion of the o r ig ina l  s y s t e m  (1.1) takes  the f o r m  

2 dv _ _ 8 ~ Z  1 e , ( ~ N , + e w ) "  

The r e m a i n i n g  equat ions  give 

(5.1) 

(5.2) 

d~j = - ~ q~ + ~ v (i = t . . ,  ] -  l), (5.3) 

dqf = ~ ( e~ ) dq;~ 
d~:~ ql + --~ v , - ~  = 0  (k = g + l , .  . ., N) 

with the r e q u i r e m e n t s  ) ,k/Aj--0 ( k = j  +1 ,  . . . ,  51) taken into account .  

One can e l imina te  the t h e r m o d y n a m i c  va r i ab l e  ql f r o m  the s y s t e m  of Eqs.  (5.2) and (5.3). Af ter  the 
l imi t ing  t r ans i t i on  of  ~i/X1--*0 ( i=2 ,  . . . ,  j) Eq. (4.4), in which the s u m m a t i o n  o v e r  the index i on the r i g h t - h a n d  
s ide is taken f r o m  2 to j ,  is  ev iden t ly  obta ined.  We cont inue the p r o c e d u r e  of  e l imina t ing  t h e r m o d y n a m i c  v a r i -  
ab les  a c c o r d i n g  to the r u l e  d e s c r i b e d  in the p r e c e d i n g  sec t ion .  As a r e s u l t  of the ( j - 1 ) - t h  r epe t i t i on  of this 
p r o c e d u r e  we a r r i v e  a t  the s y s t e m  of  equa t ions  

eZ,,(N--j+l)~ dv dqj (5.4) 

dqf --~ ~ I 4- e1 ) ' dz$ q] ' ~ y dqh , ~ = 0  (k=]-ri,...,N). 

Afte r  its solut ion is c ons t ruc t e d ,  the f i r s t  j - 1  t h e r m o d y n a m i c  v a r i a b l e s  ql, . . . ,  qj-1 a r e  ca lcu la ted  f r o m  the 
f inal  Eqs.  (4.6). The s i tua t ion  which has a r i s e n  can be i n t e r p r e t e d  n a t u r a l l y :  The f i r s t  j - 1 r e a c t i o n s  p ro c e e d  
u n i f o r m l y ,  and the l a s t  N -  j r e a c t i o n s  a r e  in a f r o z e n  s ta te .  

Now we wil l  inves t iga te  what  ini t ia l  condi t ions  m u s t  be imposed  in connect ion  with the in tegra t ion  of  the 
s y s t e m  (5.4). It fo l lows f r o m  the a s y m p t o t i c  r e p r e s e n t a t i o n s  (2.9) with kj/ki--*0 (i = 1 . . . .  , j - 1) that  as  xj --.-~o 

(5.5) 

qj = 

e.C 
v = c e U J  "~. q~=  ~ e "j~, i = i  . . . .  , ] - - 1 ,  

e jc ytN--j+l) 
e ~j~, q k = 0 ,  k = ] §  ~,j y(N-j) _ 3~(N-i+~) 

y(N--j) 
~t: = vt:~_j+~ ) ~j. 

The above  equat ions  show tha t  the a s y m p t o t i c  va lues  o f  the funct ions v and qi(i = 1, . . . ,  j - 1) a r e  in a g r e e m e n t  
with the f inal  Eqs.  (4.6). As is ev ident  f r o m  the d i f fe ren t ia l  equat ions  and the ini t ial  data  for  the va r i ab l e s  
qk(k=j  + t ,  . . . ,  N}, these  t h e r m o d y n a m i c  v a r i a b l e s  r e m a i n  equal  to z e r o  in the r e l axa t ion  zone in quest ion.  

S y s t e m  (5.4) is  equ iva len t  to the s ingle  s e c o n d - o r d e r  equa t ion  

d~---Td [(~,~v + ~2 ,N--~+~),j_~j j + ( 8 , ~ v a v  1 + ~V~N--j)) d~ =0 ,  (5.6) 

which co inc ides  with (4.8) when j = N. Of c o u r s e ,  the above  equa t ion  follows f r o m  (1.5) if one uses  the v a r i a b l e  
(5.1) and p e r f o r m s  the l imi t ing  p r o c e s s  for  a l l  k i+ i /k i -*0  (i = 1, . . . ,  N -  1). The i n t e g r a l  of  Eq. (5.6) with the 
a s y m p t o t e  (5.5) has  the f o r m  

~,~'-j+l) l n l v l 4 -  2 ~ ] + t 

as  xj - , - - ,o  and changes  into (4.8) when j = N. 

A l a r g e  d i f f e r ence  ex i s t s  be tween  the gas  mot ion  under  d i s c u s s i o n  and tha t  which was  inves t iga ted  in 
Sec.  4. when  a e ~  <v~o < oq~,  the c o m p r e s s i o n  p r o c e s s  conc ludes  with the a r r i v a l  a t  equ i l i b r ium of the N-th 
r e a c t i o n  in a s ingle  r e l a x a t i o n  zone.  In the gene ra l  ca se  a N - j , ~  < v ~  < ~N-j+l,~o the tending of  the j - th  r e a c t i o n  
to e q u i l i b r i u m  does  not comple te  the c o m p r e s s i o n  of  the c h e m i c a l l y  ac t ive  mix tu re .  S t re tch ing  behind the f i r s t  
r e l a x a t i o n  zone a r e  o the r  wide r  r e l a x a t i o n  r eg ions  in which the dominan t  r o l e  belongs  to r e a c t i o n s  with the 
n u m b e r s  j + 1 . . . .  , N. 
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In o r d e r  to c o n s t r u c t  the pe r t u rba t i on  field in the next  r e l axa t i on  zone,  we in t roduce  the a sympto t i c  
e x p r e s s i o n  of  the in t eg ra l  (5.7) as  x j ~ + o o  

[ ,(N-j) ] (5.8) 282 ,p(lv-j) + b1 exp - -  
Y = --  em----~ 2.~(N_ D __ 7 (N_ j+ i )  Xj ,. 

V(N--J+D 

= em----~ [ emoo ~(N--j) exp ~?(N--j) _ 7(N--j+t~ , 

which r e m a i n s  val id  when j = N. F r o m  the second  equat ion of  the s y s t e m  (5.4) we obtain the asymptc~te of the 
t h e r m o d y n a m i c  v a r i a b l e  

ql = ~ ( sm~o "~- ,~u--j) bj exp 2.~(N--~ - -  ~-~Y---~+l) + d I exp (-- xr 

with the new v a r i a b l e  dj. In o ther  w o r d s ,  a t t h e  end of the f i r s t  r e l axa t ion  zone the t h e r m o d y n a m i c  .variable in 
ques t ion  tends to its own equ i l i b r ium value 

2sa . t~'--J) (5.9) ej 2 
qj -- ~,j vsj, r'+,.f -- ~ I' �9 

K one ca lcu la tes  the p a r a m e t e r s  o f  the p a r t i c l e s  behind the shock  f ron t  (discontinuity) in a mix tu re  :in which 
the f i r s t  a f~  r e a c t i o n s  have r e a c h e d  equ i l i b r ium,  the r o l e  of  the f r o z e n  sound ve loc i ty  a f~  will  ev ident ly  be 
p layed  by the i n t e r m e d i a t e  ve loc i ty  ~N_j,oo. The quant i ty  Vsj is nothing e l se  but the ve loc i ty  of the gas  p a r -  
t i c l e s  in the c a s e  of  such  a sudden c o m p r e s s i o n .  

As is ev ident  d i r e c t l y  f r o m  the o r i g i n a l  Eqs.  (1.1), the sca le  of the next  r e l axa t ion  zone should be s p e c i -  
f ied by means  of  x = xj+jXj+ 1 unde r  condi t ions  of  the equ i l i b r ium o c c u r r e n c e  of  the f i r s t  j r e a c t i o n s .  D i s c u s -  
s ions  which a r e  c o m p l e t e l y  ana logous  to those above  lead to the s y s t e m  of equat ions  (5.4) with the r e p l a c e m e n t  
in i t  o f  the s u b s c r i p t  j by j + 1. Af te r  its solut ion the t h e r m o d y n a m i c  v a r i a b l e s  qt,  . . . .  qj can be ca lcu la ted  with 
the help of the f inal  Eqs.  (4.6). 

In o r d e r  to supply the init ial  data which a r e  n e c e s s a r y  for  in tegraf fon  of the d i f fe ren t ia l  equat ions  in the 
second  r e l a x a t i o n  zone,  we make  use  o f  the p r inc ip le  of sp l ic ing  the e x t e r i o r  and in t e r io r  a sympto t i c  expans ions  
[13]. Thus,  as  

g j + t  xj+ l ~ ~ xj,  

we find f r o m  the l imi t ing  condi t ions  (5.9) a t  xj+ 1 = 0 

~ 2s 2 e~ .~(N--j) 
V -  em+c 8moo ~'i 

q h = 0  (k = j + t~ . . .:~+ N) .  

The c o r r e s p o n d i n g  ini t ial  va lues  of  the de r iva t ives  a r e  

dv ~2 

(i = 1 , . . .~  ])~ (5.1o) 

ej2+i dqj+l = 2s 2 e j+ l ~(N--j) ( 5 . 1 1 )  

emoo ~j+i' dxj+l emoo )~j+i " 

In o r d e r  to c o n s t r u c t  the solut ion of  the Cauchy  p r o b l e m  which has been  fo rmula t ed ,  we apply  the s e c o n d -  
o r d e r  Eq. (5.6), having in advance  r e p l a c e d  the s u b s c r i p t  j in it by j +1.  Its in tegra t ion  gives  

( e m i r  + 2 (N--j)~ dv . I 2 e2_ (N--f--l'~ - - T - ~ s r a ~ v  + ay v : c j + l .  ~a'~ ] dxj+ t 

Subst i tut ing the ini t ial  data  (5.10) and (5.11) he re ,  we find that  the a r b i t r a r y  cons tan t  Cj+ 1--0. This value  of the 
cons t an t  Cj+ 1 will  lead to the in t eg ra l  (5.7i, in which j $1  a p p e a r s  ins tead  of  j. Eqs.  (5.8) d e t e r m i n e  the 
a s y m p t o t e  of  the p e r t u r b a t i o n s  upon exi t ing  f r o m  the second  r e l axa t i on  zone,  i .e . ,  as  xj+ t ~r  

This p r o c e s s  can be continued wi thout  any  changes  at  all .  The solut ion obta ined as a r e s u l t  gives an 
a s y m p t o t i c  de sc r i p t i on  of  the m o t i o n  of  a c h e m i c a l l y  ac t ive  mix tu re  ins ide a comple t e ly  d i s p e r s e d  shock  wave.  
When ~N-j,oo <voo < ~N-j+l,oo, the p e r t u r b e d  r eg ion  is sp l i t  into N -  j +1 r e l axa t ion  zones ,  in each  of which the 
dominan t  r o l e  belongs  to a s ingle  r eac t i on .  The width of  a l l  the p r e c e d i n g  zones  tends to z e r o  on the sca le  of  
any  succeed ing  one. T h e r e f o r e ,  cont inuous c o m p r e s s i o n  of  the gas in any  r e l axa t ion  zone tu rns  out  to be 
equ iva len t  to its sudden c o m p r e s s i o n  in a shock  front .  It is poss ib le  in the inves t iga t ion  of  the las t  s tage  of  the 
p r o c e s s  in the ( N - j  + 1)-th zone to t r e a t  the f i r s t  N - j  r e l axa t ion  zones as  a sequence  of  N - - j  d i scont inu i t i es .  
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To i l lus t ra te  the theory developed,  calculat ions have been made of the s t ruc tu re  of a comple te ly  d ispersed  
shock wave in a mix tu re  in which two reac t ions  a r e  occur r ing .  It was a s sumed  in the calculat ions that 
e2/Emoo = 1, 62/~2=2, ?`1=100, e1=10, ?,2=1, e2=1,  and T f = - l . 5 .  The r e su l t s  a r e  i l lus t ra ted  in Figs.  1-3, in 
which the solid l ines co r r e spond  to the exact  numer ica l  solution of the p rob lem,  and the dashed l ines cor respond  
to the data of the a sympto t i c  ana lys i s .  The va r i ab le s  V=v/Ye, QI= Xlql/(Te el) , Q2= X2q2/(Yee2), ~21=wJ('Yeei) , and 
~22 = w2/(Tee2) w e r e  used in plott ing Figs.  1-3,  and the coordinate  x2 = ?,2x = x was se lec ted  as the independent 
var iab le .  Tee r e s u l t s  of the a sympto t i c  analys is  ag ree  welt  with those resu l t ing  f r o m  the numer ica l  solution 
of the or ig ina l  s y s t e m  (1.1). 

6. Trans i t ion  through an In te rmedia te  Sound Velocity.  We will invest igate  what happens when the flow 
ve loc i ty  v~  is  c lose  to some in t e rmed ia t e  veloci ty  aN_j,  ~. In this t rans i t ion  case  IT(N-J){<<1. In accordance  
with Eq. (3.16) we will make  the t r a n s f o r m a t i o n  

x = x/wi (6.1) 

and we will  unders tand by ~j the single pos i t ive  roo t  of the c h a r a c t e r i s t i c  equation. T rans fo rming  f r o m  the 
or ig ina l  s y s t e m  of equations (1.1) acco rd ing  to the ru le  expounded in the two preceding  sect ions ,  we have 

2 (ernoov 'T e 2- (N-j+i)xa? ) dxidv --=-8~(e~. ~ dql -{- ej+l dqj+l~'dx~ ) (6.2) 

aq, ,., ( ,, ) zi+1(" • , 

dq-----h---O, k ~ - - - ] A - 2 ,  �9 N .  
dxl " . ,  

After  solut ion of the s y s t e m  of equations (6.2) the f i r s t  j - 1 the rmodynamic  va r i ab le s  ql, . . . ,  qj-~ a r e  r e c o v e r e d  
with the help of the final Eqs.  (4.6). The re laxa t ion  p roce s s  is cha r ac t e r i z ed  by the fact  that it is imposs ib le  
to t r e a t  the j - th  and {j + 1)-th r eac t ions  independently. Although their  r a t e s  differ  in o rde r  of magnitude,  p r e -  
c i se ly  the mutual  ef fec t  of  both reac t ions  de te rmines  the s t ruc tu re  of the per turba t ion  field as x ~ - o o .  The 
introduct ion of the sca le  (6.1) is dictated by this fact. 

The initial  conditions for  the s y s t e m  (6.2) as xj ~--r  a r e  of the f o r m  

- -  elc e ~ ( i - - - - t , . . . ,  ] - - t ) ,  (6.3) 

ejc ej+lc 
qJ = s + ~tf ev'jx' q]+l = ~'1+I + Wi e~jx' 

q k = 0  ( k = ] W 2 ~ . . . , N ) .  

I t  is c l ea r  that  the asympto t i c  values  of the functions v and qi(i = 1, ..., j - 1) co r re spond  to the  final Eqs. (4.6). 

The s y s t e m  (6.2) is equivalent  to the single t h i r d - o r d e r  equation 

d-;~ (sm~v + ~ + (~m~v + e ~ "(~-~')~ ,z. 1 zjzj+~ (~m.v _~ .(~-~_,~ d~ 
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which can also be obtained direct ly  f rom Eq. (1.5) if one converts  to the variable (6.1) in Eq. (1.5). Integration 
of Eq. (6.4) with the initial data (6.3) taken into account  gives 

' I~j ~tj 

F rom this it is possible to establish the asymptot ic  representa t ion  

28~ ?(N-j-l) + bj+1 exp [ --  2V(~,_j_-TxTZ - ~(.~._i> ~7 xj 
grt~ oz J 

for the function v, which is valid as xj - - + ~ .  Thus at the end of the f i rs t  relaxation zone the thermodynamic 
var iables  qj and qj+t tend to the equil ibrium values 

e j  - -  e / '+1  v " 2e~ vtN_:_I) (6.5) 
q~ = --  ~ v~.~+l, q~+* = ~j+1 "J§ v~.i+~ = -- sm---~ 

Eqs. (6.5) are  analogous to (5.9) ; therefore ,  construct ion of the solution in the remaining N - j - 1 relaxation 
zones follows the method indicated in See. 5. 

We note the limiting ease T (N) = 0. Right up to some point x = x* the flow remains  unperturbed,, i .e. ,  v = 
q i=0 ,  i = l ,  ..., N. Let x*=0;  then the solution has the form [12] 

2~a 1 --  exp -- T ~lx 
/'5 ~moo  

in the f i r s t  relaxation zone. At the point x=0  the pa ramete r s  of the gas are  continuous, but their derivatives 
with r e spec t  to the spatial coordinate va ry  discontinuously. Evidently, this point cor responds  to the cha rac -  
ter is t ic  of the differential equations which the flows of relaxing mixtures satisfy. Continuation of the solution 
to the remaining N -  1 relaxation zones is accomplished according to the standard procedure  described above. 
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